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ABSTRACT
We explore the implications of a single observer’s viewpoint on measurements of galaxy
clustering statistics. We focus on the Bardeen potentials, which imprint characteristic
scale-dependent signatures in the observed galaxy power spectrum. The existence of
an observer breaks homogeneity as it singles out particular field values at her/his posi-
tion, like a spontaneous symmetry breaking. As a result, spatial averaging of the data
must be performed while holding the Bardeen potentials fixed at the observer’s posi-
tion. In practice, this can be implemented with the formalism of constrained random
fields. In the traditional Cartesian Fourier decomposition, this constraint imprints a
signature in the observed galaxy power spectrum at wavenumbers comparable to the
fundamental mode of the survey. For typical fluctuations however, this effect is within
the cosmic variance. In a spherical Bessel Fourier decomposition, this constraint af-
fects the monopole of the observed galaxy distribution solely, like in CMB data. As a
corollary, the scale-dependence of the non-Gaussian bias induced by a local primordial
non-Gaussianity is not significantly affected by the observer’s viewpoint.
Key words: cosmology: theory, large-scale structure of Universe, inflation
1 INTRODUCTION
Cosmological inference takes into account the cosmic vari-
ance arising from sampling a finite number of modes. It
should also take into account the observer’s viewpoint or
local environment, which induces systematic distortions in
statistics of the large scale structure (LSS) relative to an
ensemble-averaged measurement made by random cosmolog-
ical observers. This effect depends on the correlation length
of the physical observable. While galaxy peculiar velocities
are noticeably altered (Tormen et al. 1993; Borgani et al.
2000; Hellwing et al. 2017, 2018), conditioning on the local
density (averaged in a sphere) typically affects density power
spectra by less than a percent at cosmological distances, be-
low cosmic variance (Reischke et al. 2019; Hall 2020).
Recently, Grimm et al. (2020) have studied (among oth-
ers) the imprint of the Bardeen potentials – which arise
through general relativistic projections (e.g. Yoo et al. 2009)
and, possibly, a local primordial non-Gaussianity (Dalal
et al. 2008) – on the observed galaxy power spectrum Pg(k).
Taking into account the dependence of Pg(k) on quanti-
ties defined both in the source and the observer rest frame,
Grimm et al. (2020) find the latter have dramatic implica-
tions as they lead to the cancellation of all “divergent” con-
tributions of the form k−4Pδ(k) and k−2Pδ(k) induced by
the Bardeen potentials (and a few other relativistic terms).
This is quite worrying since a measurement of fNL precisely
through similar scale-dependent contributions (albeit im-
printed by the primordial scalar perturbations rather than
the late time Bardeen potentials) has already been per-
formed (e.g., Slosar et al. 2008; Giannantonio et al. 2014;
Leistedt et al. 2014; Karagiannis et al. 2014; Ho et al. 2015;
Castorina et al. 2019), and is an important science goal of
forthcoming redshift surveys (e.g., Dore´ et al. 2014).
In this paper, we investigate the implications of a single
observer’s viewpoint on the existence of “divergent” contri-
butions in the observed, linear theory galaxy power spec-
trum. For this purpose, we use the formalism of constrained
(conditional) random fields (Hoffman & Ribak 1991; van de
Weygaert & Bertschinger 1996) (see also Mitsou et al. 2020,
for a different approach). This technique has also been im-
plemented to produce constrained simulations that closely
mimic our local environment, including the major nearby
structures out to ∼ 100 Mpc (e.g., Klypin et al. 2003). We
shall focus on the Bardeen potentials owing to their close
relation to the non-Gaussian bias, but our considerations
apply to any physical quantity arising in Pg(k).
The paper is organized as follows. In §2, we briefly re-
view well-known results on constrained random fields, and
specialize them to the fluctuation fields contributing to the
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observed galaxy clustering. In §3, we discuss the impact of
the observer’s viewpoint - or constraint - on their power
spectra. In §4, we apply our findings to the signature of the
Bardeen potentials in the observed galaxy power spectrum.
We conclude in §6. For convenience, details of the calculation
are summarized in an Appendix §A.
2 CONSTRAINED RANDOM FIELDS
Let (η, x) be the conformal time and comoving coordinates,
and f(x) be some homogeneous and isotropic (scalar) ran-
dom field such as a metric perturbation, the matter density
etc. which can be probed with observables like the galaxy
distribution or the CMB temperature. For simplicity, we
shall assume that f(x) is time-independent, and normally
distributed with zero mean. We will relax the assumption of
Gaussianity in §4.5.
Consider now an observer O located at the origin of the
coordinate system. She/he observes a particular realization
of f(x) constrained such that f(0) = fo (the value of fo may
or may not be locally measurable depending on the nature of
f). Therefore, it is essential to regard f(x) as a constrained
random field (see Appendix A3 for further justification of
using a constrained ensemble, rather than an unconstrained
one). Since a particular position is singled out, statistics of
the constrained field are not homogeneous, but they are still
isotropic.
2.1 Constrained mean and residual field
As shown in Hoffman & Ribak (1991), f(x) can be expressed
as the sum of a mean field 〈f〉(r), where r = |r| denotes
the line-of-sight comoving distance, and a residual δf(x).
Here and henceforth, all the ensemble averages are formally
conditioned to the value f(0) = fo of f(x) at the origin of
coordinate, i.e. 〈X〉 ≡ 〈X|fo〉.
The mean field is given by
〈f〉(r) =
(
fo
σ2f
)
ξf (r) , (1)
and is equal to fo at the origin. Hereafter, σ
2
f = 〈f2(x)〉
and ξf (r) will designate the variance and 2-point correlation
function of the unconstrained, homogeneous and isotropic
f(x).
The residual field δf(x) has zero mean and does not
change if f(x) is shifted by a constant. Its second-order mo-
ment is non-vanishing and independent of the constrained
value f(0) = fo. More precisely, the variance of the resid-
ual depends on the distance r to the observer due to the
constraint at the origin,
〈δf2〉(r) = σ2f −
(
ξf (r)
σf
)2
(2)
and, in particular, 〈δf2〉(0) = 0. This shows that δf(x) is
inhomogeneous, albeit still isotropic. However, 〈δf2〉 → σ2f
in the limit r → ∞, in accordance with the Cosmological
Principle (e.g. Milne 1935).
The 2-point correlation function ξδf (x1, x2) is the con-
strained ensemble average 〈δf(x1)δf(x2)〉. Since δf(x) is an
inhomogeneous random field, ξδf = ξδf (x1, x2) explicitly de-
pends on both x1 and x2. For Gaussian statistics, it can be
easily evaluated (see §A). We find:
ξδf (x1, x2) = ξf (|x1 − x2|)− 1
σ2f
ξf (r1)ξf (r2) , (3)
which reduces to eq. (2) when x1 = x2. Moreover, ξδf → 0
whenever any of its argument x1 or x2 vanishes.
2.2 Observed fluctuations
As we shall see in §4, the fluctuation fields F (x) that per-
tain to the observed galaxy overdensity δg(z, nˆ) are defined
by subtracting a mean estimated from the survey itself and,
thus, slightly differ from the fields f(x) introduced above.
Although there is no unique way of estimating a mean from
empirical data, we shall distinguish between two different
regimes depending on the characteristics of the survey. In
both cases, the “observed” fluctuation fields F (x) 1 are inho-
mogeneous, constrained random fields owing to the presence
of the observer – just like f(x).
For surveys covering a small area of the sky at effectively
one redshift z¯, the mean is given by the observed galaxy
number density averaged over the survey volume. In this
case, the fluctuation field F (x) is generically given by
F (x) =W(x)f(x)− f¯ (small survey)
f¯ =
∫
d3xW(x)f(x) . (4)
Here, W(x) is the survey window (or mask) function which,
for simplicity, we take to be unity for x inside the surveyed
volume and zero otherwise. This first choice implies that
F (x) is constrained owing to its dependence on f(x).
In the opposite limit of an all-sky survey covering a wide
range of redshift, the mean is given by the observed galaxy
number density averaged as a function of the observed red-
shift. In this case, F (x) reads
F (x) = f(rnˆ)− f¯nˆ(r) (all-sky survey)
f¯nˆ(r) =
1
4pi
∫
dnˆ f(rnˆ) . (5)
This second choice implies that the observed fluctuation
field F (x) vanishes at the origin, like δf(x). Furthermore,
f¯nˆ(r) → 〈f〉(r) in the limit r → ∞. Therefore, F (x) con-
verges towards δf(x) in the limit of large separations. At
shorter distances however, F (x) 6= δf(x) because f¯nˆ(r) will
generally differ from 〈f〉(r), since only a single realization of
the sky is ever observed.
3 FOURIER DECOMPOSITION
Let us now explore the impact of the constraint in a mea-
surement of the power spectrum of F (x). We shall consider
a Cartesian Fourier transform approach appropriate to a
small survey volume (i.e. small relative to the observable
Universe), and a spherical Fourier Bessel decomposition ap-
propriate to an all-sky survey.
1 Only gauge-independent quantities are, strictly speaking, ob-
servable
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3.1 Cartesian Fourier transform: small survey
Let F (k) be the Fourier mode of the observed fluctuation
field F (x) defined in eq. (4). The Cartesian Fourier trans-
form is defined as
F (x) =
∫
k
F (k) eik·x , (6)
with
∫
k
≡ ∫ d3k
(2pi)3
. Next, we introduce the traditional power
spectrum estimator (which, in practice, is further averaged
over spherical Fourier shells to produce a band-power power
spectrum)
V PˆF (k) = |F (k)|2 . (7)
Here, V is the survey volume. Note that both F (k) and
PˆF (k) have dimension of [Length
3].
We need to determine what the empirical power spec-
trum PˆF (k) is the unbiased estimator of. Since the Fourier
transform of F (x) brings about an irrelevant contribution
(2pi)3δD(k)f¯ , where δD denotes a Dirac distribution, F (k)
essentially is the Cartesian Fourier transform of W(x)f(x).
Therefore, F (x) is still a constrained random field. Starting
from
〈PˆF (k)〉 = 1
V
〈∣∣F (k)∣∣2〉 (8)
where, again, the ensemble average is conditioned to the
constraint f(0) = fo at the origin, we obtain after some ma-
nipulations (the details of which can be found in appendix
A) the desired result
〈PˆF (k)〉 = 1
V
∫
q
Pf (q)
∣∣W(k− q)∣∣2 + 1
V σ2f
(
f2o
σ2f
− 1
)
(9)
×
∫
q
Pf (q)W(k− q)
∫
q′
Pf (q
′)W∗(k + q′) ,
where W(k) is the Fourier transform of the survey win-
dow function. This result differs from the unconstrained case
(see, e.g., Feldman et al. 1994; Smith & Marian 2015) owing
to the second, fo-dependent term in the right-hand side.
Equation (9) shows that PˆF (k) estimates the diagonal
part of the (pseudo) power spectrum
PF (k, k
′) = 〈f〉(k)〈f〉(k′) + Pδf (k, k′) , (10)
where
〈f〉(k) = 4pi
∫ ∞
0
dr r2〈f〉(r)j0(kr)
=
(
fo
σ2f
)
Pf (k) (11)
is the 1-point, mean field contribution, while
Pδf (k, k
′) = (2pi)3δD(k + k′)Pf (k)− 1
σ2f
Pf (k)Pf (k
′) , (12)
is the (double) Fourier transform of the connected 2-point
correlation ξδf (x1, x2), eq. (3), of the residual (see appendix
A). eq. (2) then follows again upon setting x1 = x2.
The constraint f(0) = fo at the observer’s position im-
plies that F (x) is a non-stationary (i.e. inhomogeneous) ran-
dom field. As a result, the classical Wiener-Khinchin theo-
rem (the auto-correlation function is the Fourier transform
of the power spectrum) does not hold, because PF (k,−k)
is not a genuine power spectral density. This is exemplified
by the non-vanishing (possibly negative) covariance of F (k)
and F (k′) for k′ 6= −k.
The variance of PˆF (k) is given by
var(PˆF ) = 〈PˆF (k)〉2 + 1
V 2
〈
F (k)2
〉〈
F (−k)2〉 (13)
− 2
(V σ2f )
2
(
fo
σf
)4 [ ∫
q
Pf (q)W(k− q)
]2
×
[ ∫
q
Pf (q)W∗(k + q)
]2
,
where
1
V
〈F (k)2〉 = 1
V
∫
q
Pf (q)W(k− q)W(k + q) (14)
+
1
V σ2f
(
f2o
σ2f
− 1
)[∫
q
Pf (q)W(k− q)
]2
.
For a band-power measurement, eq. (13) must be further
divided by the number of modes Nk in the shell centered
around k.
At fixed survey volume V , since Nk ∼ k3V (for logarith-
mic band-power estimates), the variance of a band-power
measurement vanishes in the limit k → ∞. Furthermore,
W(k) becomes narrowly peaked around k = 0 as V in-
creases (see appendix A). Therefore, PˆF (k) converges (non-
uniformly) towards the power-spectrum Pf (k) of the uncon-
strained field in the limit k → ∞ and/or V → ∞. In other
words, ergodicity holds in the usual sense: spatial averaging
of the observed, constrained data is equivalent to ensem-
ble averaging of the unconstrained field for sufficiently large
volumes.
3.2 Spherical Fourier Bessel: all-sky survey
For all-sky surveys, the observed fluctuation field F (x) can
be conveniently expanded in spherical Bessel functions; see
Fisher et al. (1995); Zaroubi et al. (1995); Heavens & Taylor
(1995) for early work and Yoo & Desjacques (2013) for a
recent application to relativistic projections. Starting from
the angular multipole decomposition
F (x) =
∑
`m
a`m(r)Y`m(nˆ) , (15)
where nˆ = x/r. and using the Rayleigh expansion, we write
the multipole functions a`m(r) as
a`m(r) = 4pii
`
∫
k
j`(kr)Y
∗
`m(kˆ)F (k) (16)
=
√
2
pi
∫ ∞
0
dk k j`(kr)F`m(k) .
The last line defines the spherical Bessel transform F`m(k)
of F (x) as
F`m(k) =
√
2
pi
∫
d3r kj`(kr)Y
∗
`m(nˆ)F (x) (17)
and, thereby the spherical power spectrum estimator
Sˆ`(k, k
′) ≡ 2kk
′
pi
∫
d3x1
∫
d3x2 Y
∗
`m(nˆ1)Y`m(nˆ2)
× j`(kr1)j`(k′r2)F (x1)F (x2) . (18)
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S`(k, k
′) is independent of the multipole ` only if the ob-
served fluctuation field is also homogeneous, in which case
it simplifies to Sˆ`(k, k
′) ≡ PˆF (k).
We shall now calculate 〈Sˆ`(k, k′)〉 for the observed fluc-
tuation field F (x) given in eq. (5). Using 〈f(x1)f(x2)〉 =
〈f〉(r1)〈f〉(r2) + ξδf (x1, x2) and subtracting the directional
average, we obtain
〈F (x1)F (x2)〉 = ξf (|x1 − x2|) (19)
− 1
(4pi)2
∫
dnˆ
∫
dnˆ′ ξf (|rnˆ− r′nˆ′|) .
Any dependence on fo has now disappeared. The first term
on the right-hand side of eq. (19) yields a contribution
2
pi2
∫ ∞
0
dq q2Pf (q)M`(k, q)M`(k′, q) (20)
to the spherical power spectrum S`(k, k
′), where
M`(k, q) = k
√
2
pi
∫ ∞
0
dr r2j`(kr)j`(qr) . (21)
Similarly, on applying the identity∫ ∞
0
dr r2j0(kr)j0(qr) =
pi
2kq
δD(k − k′) , (22)
the directional average piece leads to the simple expression
Pf (k) δ
D(k − k′) δK`0 , (23)
where δK designates the Kronecker symbol. Therefore,
eq. (18) is an unbiased estimate of
S`(k, k
′) =
2
pi2
∫ ∞
0
dq q2Pf (q)M`(k, q)M`(k′, q)
+ Pf (k) δ
D(k − k′) δK`0 , (24)
The second term in the right-hand side contributes only to
the diagonal part of the monopole power spectrum S0(k, k
′).
The latter cannot be properly estimated from the data since
we can observe only one sky and, thus, measure one realiza-
tion of F00(k) solely.
Note that, unlike S0(k, k
′), any realization of F00(k) will
depend on fo, in analogy with the dependence of the CMB
monopole on the value of the gravitational potential at the
observer’s position. Therefore, the knowledge of Pf (k) (and,
realistically, the survey window function) can be used to de-
termine fo from a measurement of F00(k). This is consistent
with the fact that fo can, in principle, also be determined
from a Cartesian Fourier decomposition as discussed above.
4 GALAXY CLUSTERING
In this Section, we apply our previous results on constrained
random fields to the signature of the Bardeen potentials in
the observed galaxy distribution. In the conformal Newto-
nian gauge adopted here, they are the gravitational potential
ψ(x) and the spatial curvature φ(x).
4.1 Metric and observer
Focusing on scalar perturbations in the linear regime, the
perturbed FLRW metric (around a spatially flat back-
ground) is given by
ds2 = a2(η)
[− (1 + 2ψ)dη2 + (1− 2φ)dxidxi] . (25)
The Fourier modes of the unconstrained potentials ψ =
ψ(η, x) and φ = φ(η, x) can be expressed in terms of the co-
moving curvature perturbation ζ(x). For instance, we have
ψ(η, k) = (3/5)Tψ(η, k)ζ(k) with a transfer function given by
Tψ(η, k) = g(η)T (k). Therefore, ψ and φ are generally not
homogeneous functions of time. For simplicity however, we
will ignore the time-dependent growth factor g(η) (which is
constant in an EdS universe). As a result, the unconstrained
potentials are statistically homogeneous and isotropic at all
time η > η∗, where η∗ is the epoch of last-scattering. Taking
into account g(η) 6= 1 at late time would not change any of
our conclusions.
Furthermore, we consider an observer O located at
the origin of the coordinate system, and moving with a 4-
velocity u = a−1(1 − ψo, vo). Owing to the presence of O,
ψ(x) and φ(x) now are constrained random field which as-
sume a particular value ψo and φo at the origin (and so does
the velocity field v).
4.2 Galaxy number counts
In linear theory, the observed fluctuation in galaxy num-
ber counts is given by an intrinsic contribution b1δm plus a
number of projection effects which arise through the redshift
between the source and observer, gravitational lensing and,
no less importantly, a distortion of the physical volume at
the source position.
Following the computation of Challinor & Lewis (2011)
(carried out in the conformal Newtonian gauge), the ob-
served galaxy number counts as a function of observed red-
shift z and position nˆ on the sky is
ng(z, nˆ) =
a3 r¯ n˜g
H(1 + z)
{
1 + b1δ +
˙˜ng
n˜g
δη + 2
δr
r
+ 2Hδη − 2κ
+ 3nˆ · vo −
( H˙
H −H
)
δη − 1H
dψ
dη
+
1
H
(
ψ˙ + φ˙
)
+
1
H nˆ ·
dv
dη
+ ψ − 2φ+ nˆ · (v− vo)} (26)
in linear theory. Here, r¯ = r¯(z) is the line-of-sight comoving
distance in the unperturbed FRW background, b1 is the lin-
ear galaxy bias (Kaiser 1984), and n˜g = n˜g(z) is the “global”
average density of galaxies at fixed observed redshift z (that
is, averaged over all the possible observer configurations). All
the fields on the right-hand side are evaluated at spacetime
position (η¯(z), r¯(z)nˆ), where η¯(z) is the time coordinate in
the background and nˆ is the observed direction on the sky.
Furthermore, the matter overdensity δ is in a synchronous
gauge (comoving with matter), so that δ and ψ are related
through the usual Poisson equation.
The coordinate fluctuations δη and δr at fixed observed
redshift are
Hδη = ψo − ψ +
∫ η
ηo
dη′
(
ψ˙ + φ˙
)
+ nˆ · (v− vo)
δr = −δη −
∫ η
ηo
dη′
(
ψ + φ
)
. (27)
Note that, while the redshift fluctuation involves differences
of quantities evaluated at the source and observer’s position
like ψ−ψo in Eq.(27 (which vanish at the origin), the volume
distortion introduces terms which depend only on φ and ψ at
the source position (e.g. ψ−2φ in the third line of Eq. (26)).
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For convenience, Challinor & Lewis (2011) defined the
observed galaxy fluctuation field δg(z, nˆ) relative to the
global mean
a3r¯n˜g
H(1+z) . However, since the latter is unmeasur-
able, the observer O in practice computes δg(nˆ, z) relative
to the observed mean counts, as emphasized in §2.2.
4.3 Small survey
For a small spectroscopic survey, O will estimate the mean
galaxy number density as
n¯g =
∫
dz
∫
dnˆW(z, nˆ)ng(z, nˆ) . (28)
By assumption, the survey window functionW(z, nˆ) is non-
vanishing solely in a small interval centred at the effective
redshift z¯ and in a small patch of the sky. The observed
galaxy fluctuation field δg(z, nˆ) thus is
δg(z, nˆ) =
ng(z, nˆ)
n¯g
− 1 , (29)
and depends on quantities such as Ψ(x) = W(x)ψ(x) − ψ¯
etc. analogous to eq. (4). In a Cartesian Fourier analysis,
the estimated galaxy power spectrum Pˆg(k) thus involves
the auto- and cross-power spectra of these fluctuation fields.
In particular, Pˆg(k) includes a term proportional to PˆΨ(k),
the ensemble average of which is obtained upon replacing
F → Ψ and f → ψ in eq. (9).
To get insight into the impact of the observer constraint
on PˆΨ(k), consider first a sufficiently large volume V such
that W(k) is narrowly peaked at k = 0. We thus have
〈PˆΨ(k)〉 ≈ Pψ(k) + 1
V σ2ψ
(
ψ2o
σ2ψ
− 1
)
Pψ(k)
2 . (30)
We seek to estimate the magnitude of the second term
(in the right-hand side) relative to the first, that is,
∼ (V σ2ψ)−1Pψ(k). For this purpose, we assume a nearly
scale-invariant spectrum (of primordial scalar fluctuations)
such that the unconstrained power spectrum is Pψ(k) ∝
k−4+nsT 2(k), where ns = 0.963 is the scalar spectral in-
dex and T (k) is usual (late time) transfer function normal-
ized to unity in the limit k → 0. Furthermore, we introduce
an infrared cutoff kL in the computation of σ
2
ψ, This cut-
off reflects the fact that the long mode ψL ≡ ψ(k < kL)
is unobservable and, as such, absorbed into the observed
background cosmology (which slightly differs from the global
FLRW spacetime). As an order of magnitude estimate, we
have kL ∼ O(1/r∗) where r∗ is the line-of-sight comoving
distance to the last-scattering surface. Taking into account
the suppression of the transfer function T (k) for k & keq, we
find (assuming |ns − 1|  1)
PΨ(k)
V σ2ψ
∼ 1
4pi
(
kV
k
)3
ln
(
keq
kL
)−1(
V
VL
) 1−ns
3
. (31)
Here, kV = 2pi/V
1/3 is the fundamental mode defined by
the survey volume and VL is the comoving volume of the
observable Universe. This demonstrates that, on the survey
scale kV , the constraint’s effect is proportional to ln(
keq
kL
),
and it decays like (kV /k)
3 for k > kV . Furthermore, the
effect vanishes in the limit kL → 0.
For the sake of completeness, fig. 1 displays the effect
10−3 10−2 10−1
k[Mpc−1]
10−8
10−7
10−6
10−5
10−4
10−3
10−2
10−1
〈Pˆ
Ψ
(k
)〉
V = 1 Gpc3
V = 10 Gpc3
V = 100 Gpc3
Pψ(k)
Figure 1. Estimator of the power spectrum for different survey
sizes, eq. (9). The red line corresponds to the unconstrained field.
We have assumed a fluctuation for the value of fo such that the
term in brackets in eq. (9) is unity. Vertical lines indicate the
fundamental mode kV of each survey. Only the wavemodes with
k > kV are measured from a given survey. The shaded region rep-
resents the cosmic variance up to the corresponding fundamental
mode.
of the constraint ψo on the ensemble average 〈PˆΨ(k)〉 com-
puted from eq. (9) using the spherical mask function given
in Appendix §A. The term ( ψ2o
σ2
ψ
− 1) (which is also present
in eq. (9) when f is replaced by ψ) describes the devia-
tion of the observer contribution from a typical fluctuation
ψo/σψ ∼ 1. We set it to unity for illustrative purposes. The
resulting, shell-average 〈PˆΨ(k)〉 is shown for three different
survey volumes (solid, dashed and dotted black line), and
compared to the unconstrained spectrum Pψ(k) (solid red
line). The vertical lines mark the fundamental mode of each
survey. For the infrared cutoff kL, we take a conservative
(high) value corresponding to a comoving scale of 10 Gpc.
fig. 1 shows that the constraint ψ(0) = ψo leaves an im-
print on 〈PˆΨ(k)〉 only for k ∼ kV where cosmic variance is
large. This agrees with our analytic estimate eq. (31). Note,
however, that the sign and magnitude of the effect sensi-
tively depend on ψo/σψ. It could be noticeably larger (and
positive) if we live in a rare overdense or underdense region.
4.4 All-sky survey
For the all-sky survey, O estimates the mean galaxy number
density according to
n¯g(z) =
1
4pi
∫
dnˆng(nˆ, z) (all-sky survey) (32)
as in eq. (5). As a result, n¯g(z) depends on directional-
average quantities such as ψ¯nˆ(r) etc. where
ψ¯nˆ(r) =
1
4pi
∫
dnˆψ(rnˆ) (33)
converges towards the mean field 〈ψ〉(r) (conditioned to ψ =
ψo at the origin) in the limit r → ∞ solely. Consequently,
since ψ− ψ¯nˆ(r) = Ψ− Ψ¯nˆ(r) where Ψ(rnˆ) = ψ(rnˆ)−〈ψ〉(r)
is the residual gravitational potential, the observed galaxy
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fluctuation field
δg(z, nˆ) =
ng(z, nˆ)
n¯g(z)
− 1 (34)
will take the same form as the fractional perturbation to the
global mean in Eq. (26), albeit with ψ, φ etc. replaced by
ψ → Ψ− Ψ¯nˆ(r) , φ→ Φ− Φ¯nˆ(r) etc. (35)
The presence of Ψ¯nˆ(r) etc. originates from the fact that the
directional average moves a piece of the fluctuations into the
observed mean n¯g(z).
The spherical Fourier Bessel decomposition presented in
§4 can be applied to δg(z, nˆ) to yield the galaxy multipoles
∆g`m(k), with Ψ(x) etc. playing the role of F (x). The ob-
served spherical power spectra Sˆ`(k, k
′) will thus involve the
power spectra Pψ(k) etc. of the unconstrained fields. There-
fore, the results of Yoo & Desjacques (2013) are perfectly
valid: the gravitational potential also leads to large-scale,
divergent contributions of the form k−4Pδ(k) etc. in the ob-
served galaxy spherical power spectrum. Moreover, apart
from the monopole ∆g00(k), all the power spectra Sˆ`(k, k
′)
are independent of the value ψo etc. at the observer’s posi-
tion.
Note that, in practice, any all-sky survey will involve a
non-trivial mask function, from which the measured Sˆ`(k, k
′)
must be deconvolved in order to recover the contribution
proportional to k−4Pδ(k) etc. We have ignored this compli-
cation because it does not affect any of our conclusions.
4.5 Primordial non-Gaussianity
Our considerations also apply to the non-Gaussian bias in-
duced by a primordial non-Gaussianity. For a local bispec-
trum shape, the observed number counts include a term
fNLbφφi(x) (in linear theory), where bφ is the non-Gaussian
bias and φi(x) = (3/5)ζ(k) is the spatial curvature deep in
matter domination (Dalal et al. 2008). Our analysis implies
that a local primordial non-Gaussianity also leads to contri-
butions of the form b2φk
−4Pδ(k) and bφk−2Pδk (for k . keq)
in the observed (Cartesian or spherical) galaxy power spec-
trum.
A local primordial non-Gaussianity also affects the con-
strained statistics of the Bardeen potentials which, thus far,
have been computed under the assumption of Gaussianity.
As we demonstrate in Appendix §A however, this effect has
an amplitude . 10−4 relative to the Gaussian contribu-
tion to the covariance 〈φi(k)φi(k′)〉 for admissible values of
fNL ∼ 1 and, therefore, can be safely neglected.
5 DISCUSSION
An observer measures Pˆ (or Sˆ`) averaged over a k-band (or
the multipoles −` ≤ m ≤ `). The constraint f(0) = fo
induces a correlation between the local environment of the
observer and the observed data. As a consequence, the ob-
served wavemodes F (k) are not independent, and one must
rely on constrained statistics. The correct probability mea-
sure thus is that of the constrained random field. This im-
plies that the measured Pˆ is related to the theoretical Pˆ
computed in the constrained ensemble.
In contrast to our approach, Mitsou et al. (2020)
(Grimm et al. 2020, and) do not take into account a con-
straint f(0) = fo and, thus, the fact that the probability
ensemble is constrained. However, Mitsou et al. (2020) con-
sider only the limit V →∞ in which ergodicity holds, so that
spatial averaging of the observed constrained data is equiv-
alent to ensemble averaging of the unconstrained field as
we demonstrated above. Notwithstanding, the convergence
to the unconstrained statistics is not uniform as outlined in
§3.1. Therefore, one must take into account the effect of the
constraint (in a Cartesian power spectrum analysis), i.e. a
fixed fo, for any finite V . In other words, one never averages
over fo, even when “V = ∞” although, in this limit, this
fact ceases to matter.
As a result, our treatment of the long mode also differs
from that of Grimm et al. (2020) since we do not average
over ψL, but absorb it into an effective cosmology (along
the lines of Baldauf et al. 2011). Therefore the constraint
really is imposed on the short-wavelength piece of ψ(x) con-
structed from the Fourier modes with k > kL. Another im-
portant difference with Grimm et al. (2020) (and Biern &
Yoo 2017, who considered the luminosity distance) is the
explicit dependence of our results on kL. In our approach,
kL corresponds to the largest fluctuations measurable by the
observer, that is, the size of her/his cosmological horizon. In
other words, kL is another physical scale on which the effect
is expected to depend on. Treating the observable patch as
a tophat sphere of radius ∼ 1/kL is, of course, a simplifica-
tion introduced for convenience only. A realistic calculation
would take into account the CMB visibility function etc.
Since the dependence on kL is weak (it is within the cosmic
variance for typical fluctuations), we do not expect our con-
clusions to depend on the details of such an implementation.
By contrast, Grimm et al. (2020) define kL (i.e. kIR in their
notation) such that kLr¯  1, which implies that kL < kV .
However, the ”divergent” part (this term is a bit of a mis-
nomer since both ψ and φ asymptote to constant on super-
horizon scales) of the observed power spectrum arises from
wavemodes k & kV close to the survey boundary. Therefore,
the argument given by Grimm et al. (2020) does not demon-
strate there are no k−4Pδ(k) etc. contributions as they do
not consider the effects of (short) modes close to the survey
fundamental mode.
To conclude this discussion, note that the restriction im-
posed by the observer viewpoint can also be motivated from
a quantum mechanical perspective. We refer the interested
reader to Appendix A3 for more details.
6 CONCLUSION
We have explored the impact of an observer’s viewpoint (or
local environment) on the observed galaxy power spectrum
using the formalism of constrained random fields (e.g. Hoff-
man & Ribak 1991). We have focused on the Bardeen poten-
tials, which imprint a characteristic signature ∝ k−2δ(k) in
the galaxy number counts. Our findings can be summarized
as follows:
• The existence of an observer effectively breaks the ho-
mogeneity of the underlying fluctuation fields, like a sponta-
neous symmetry breaking. Therefore, it is essential to per-
form the averaging from the vantage point of a particular
observer, rather than averaging over randomly positioned
c© 0000 RAS, MNRAS 000, 000–000
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observers. The symmetry is that of placing the observer
anywhere in the Universe – it is spontaneously broken by
choosing to place the observer at a single point (which must
be the case, as we can only observe the Universe from a
single point in space). Any statistical analysis done by the
observer must incorporate this fact.
• The viewpoint of a single observer can be characterized
by assigning specific values at her/his position to cosmo-
logical fluctuation fields. This applies also to the Bardeen
potentials ψ(x) and φ(x). Consequently, spatial averaging
of the data must be performed while holding ψ(x) and φ(x)
fixed to ψo and φo at the observer’s position. The symmetry
– of placing the observer at a point with any value e.g. ψo
of ψ(x) – is spontaneously broken by focusing on a single
observer in a single Universe.
• The observer’s viewpoint constrains the observed
galaxy power spectra, yet the signature depends on the
survey characteristics and the method of analysis. For the
traditional Cartesian decomposition of a small survey, the
constraint imprints a signature only for wavenumbers close
to the fundamental mode. For a spherical Fourier Bessel
decomposition of an all-sky survey, the constraint affects
the monopole of the observed fluctuation field solely, anal-
ogously to the CMB (see, e.g. Zibin & Scott 2008, for a
related discussion in the CMB context).
• Ergodicity holds in the sense that, in the limit of large
survey volumes V , constrained spatial averaging is equiva-
lent to ensemble averaging of the unconstrained field. How-
ever, the constrained ensemble is different from the uncon-
strained one for any finite value of V .
• For the contributions to the observed galaxy power
spectrum that arise from Bardeen potentials, an infrared
cutoff kL must be introduced in order to account for the
unobservability of fluctuations with wavelength larger than
the size of the observable Universe. Notwithstanding, the ef-
fect weakly depends on kL and, for typical fluctuations ψo
and φo at the observer’s position, its magnitude is signifi-
cantly smaller than cosmic variance. Therefore, the expected
k−4Pδ(k) etc. contributions to the observed galaxy power
spectrum are recovered.
• While the value ψo (φo) of the gravitational potential
(spatial curvature) cannot be measured locally (in agree-
ment with the Equivalence Principle), we can nonetheless
measure it through the statistical response of fluctuations
in a remote surveyed volume, in complete analogy with the
modulation induced by super-survey gravitational potential
fluctuations (see Castorina & Moradinezhad Dizgah 2020;
Darwish et al. 2020).
Therefore, we reach conclusions different from Grimm et al.
(2020) mainly because we do not average over the contri-
butions at the observer’s position which, we contend, is un-
justified. They are fixed (and do not diverge) when spatial
averaging of the data is performed and, thus, must be im-
plemented as a constraint.
Finally, as a corollary of our findings, the scale-
dependence of the non-Gaussian bias is not affected by the
observer’s viewpoint and, thus, previous results in the liter-
ature remain perfectly valid.
Data Availability: The data underlying this article
will be shared on reasonable request to the corresponding
author.
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APPENDIX A: CONSTRAINED STATISTICS
We use a path integral approach to calculate statistics of
constrained random fields. We refer the reader to Hoffman
& Ribak (1991); Binney & Quinn (1991); van de Weygaert
& Bertschinger (1996) for other treatments. The advantage
of the formalism we employ here is that it can easily in-
corporate non-Gaussianity, and can be used to compute all
n-point functions.
A1 Power spectrum
Let f(x) be an underlying homogeneous and isotropic
field. We wish to compute the constrained power spectrum
〈f∗(p)f(q)〉, where the ensemble averages should again be
understood as 〈X〉 = 〈X|fo〉.
Since 〈f〉 and δf(x) are statistically uncorrelated,
〈f∗(p)f(q)〉 decomposes into the sum of 〈f〉(p)〈f〉(q) and
the covariance 〈δf∗(p)δf(q)〉 of the residual. Focusing on
the latter (the former is trivial), we can set fo = 0 without
any restriction since the residual field δf(x) does not depend
on the value of fo (see Hoffman & Ribak 1991).
Up to an overall normalisation, the power spectrum con-
ditioned to fo = 0 is given by the path integral∫
Df δD
(∫
k
f(k)
)
f∗(p)f(q) e
− ∫k |f(k)|22Pf (k) . (A1)
The Dirac functional may be incorporated as a Fourier inte-
gral over ghosts c, c¯ (which are both real numbers!).2 Note
that f(k) is a complex number, so the delta function must
fix both its real and imaginary parts, provided the integra-
tion over k is only over half of the volume (i.e. R3 modulo
2 As imposing the constraint is akin to spontaneously break-
ing the symmetry, the additional random numbers c and c¯ may
be regarded, roughly speaking, as the accompanying “Goldstone
bosons”.
multiplication by −1). Thus
〈f∗(p)f(q)〉 = 1
(2pi)2
∫
Df
∫
dcdc¯ (A2)
× exp
(
i
∫
k
(c<f(k)− c¯=f(k))
)
× f∗(p)f(q) exp
(
−
∫
k
|f(k)|2
2Pf (k)
)
where we have made explicit our particular choice of fo = 0
here. Completing the square by defining
f(k) = f˜(k) + iPf (k)
(
c− ic¯) (A3)
f∗(k) = f˜∗(k) + iPf (k)
(
c+ ic¯
)
implies that the exponent becomes
e−S[f˜ ,f˜
∗,c,c¯] = exp
(
−
∫
k
f˜∗(k) ˜f(k)
2Pf (k)
+ Pf (k)
c2 + c¯2
2
)
.
(A4)
The functional Jacobian Df/Df˜ is, of course, unity. Thus,
f˜ and f˜∗ are Gaussian random fields, like f and f∗.
Terms linear in the ghosts vanish upon integration over
dcdc¯, whence
〈f∗(p)f(q)|0〉 ∝
∫
Df˜
∫
dcdc¯ e−S[f˜ ,f˜
∗,c,c¯] (A5)
×
(
f˜∗(p)f˜(q)− Pf (q)Pf (p)(c2 + c¯2)
)
.
Both ghosts are Gaussian random variables with variance
2
(∫
k
Pf (k)
)−1
, where the factor of 2 comes from integrating
only over half of R3 in the exponent. Therefore equation
eq. (A5) implies that
〈f∗(p)f(q)|0〉 = (2pi)3
[
δD(p− q)Pf (q)− Pf (q)Pf (p)
(2pi)3
∫
k
Pf (k)
]
(A6)
This equation has the usual conventions, where the inte-
gration d3k is over all of R3. Since the mean field identi-
cally vanishes when fo = 0, this last expression is precisely
the (pseudo) power spectrum Pδf (p, q) of the residual field
δf(x), see eq. (12).
The action in equation eq. (A4), together with the def-
initions of the new fields, f˜ , f˜∗, may serve to compute any
constrained n-point correlation function in momentum space
in the same manner. For example, taking the Fourier trans-
form of equations eq. (A3) yields
f(x) = f˜(x) + 2iξf (x)c. (A7)
This expresses the real-space constrained field, f , in terms
of the unconstrained Gaussian random field f˜ , and an in-
dependent (ghost) random variable, c, which in normally
distributed with variance σ2c . The only drawback of this def-
inition is that f˜ is no longer a real field; but this is inconse-
quential.
A2 Including a survey mask
Ignoring the constant piece f¯ in eq. (4), the Cartesian
Fourier modes F (k) are given by
F (k) =
∫
d3xW(x)[〈f〉(r) + δf(x)]e−ik·x . (A8)
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Here again, the covariance 〈F (k)F (k′)〉 of the Fourier modes
F (k) conditioned to f(0) = fo at the origin is the sum of
the individual covariances arising from the mean field and
from the residual.
The first (disconnected) contribution is the product
〈Wf〉(k)〈Wf〉(k′), which is
f2o
σ4f
∫
q
Pf (q)W(k− q)
∫
q′
Pf (q
′)W(k′ − q′) , (A9)
where
W(k) =
∫
d3xW(x) e−ik·x (A10)
is the Fourier transform of the survey window functionW(x)
(normalized to
∫
d3xW(x) = V ). In the particular case of a
spherical mask function of radius R centered at position xs,
such that the survey volume is V = 4pi
3
R3, W(k) is given by
W(k) = 3V j1(kR)
(kR)
e−ik·xs . (A11)
The second (connected) contribution,〈(Wδf)(k)(Wδf)(k′)〉,
is given by∫
q
∫
q′
Pδf (q, q
′)W(k− q)W(k′ − q′) . (A12)
Using eq. (12), this becomes∫
q
Pf (q)W(k− q)W(k′ + q)
− 1
σ2f
∫
q
Pf (q)W(k− q)
∫
q′
Pf (q
′)W(k′ − q′) . (A13)
Adding up these two contributions and specializing to the
case k = −k′, the covariance of F (k)F (−k) = F (k)F ∗(k)
reads
〈∣∣F (k)∣∣2〉 = ∫
q
Pf (q)
∣∣W(k− q)∣∣2 + 1
σ2f
(
f2o
σ2f
− 1
)
×
∫
q
Pf (q)W(k− q)
∫
q′
Pf (q
′)W(−k− q′) ,
which leads immediately to eq. (9). Note that this expression
depends solely on k = |k| if the survey window function is
isotropic.
In the limit V → ∞, W(k) is narrowly peaked around
k = 0. Consequently, bothW(k) and V −1|W(q−k)|2 asymp-
tote to (2pi)3δD(q− k). While this is obvious for the former,
note that
V −1|W(k)|2 = V −1
∫
d3x
∫
d3yW(x)W(y)eik·(x−y)
≈ V −1
∫
V
d3x
∫
V
d3r eik·r
=
∫
V
d3r eik·r
V→∞
= (2pi)3δD(k) .
This demonstrates that PˆF (k) converges towards eq. (10) for
large survey volumes.
The variance var(Pˆ )F can be computed from the co-
variance
Cov
[
Pˆ (k), Pˆ (k′)
]
=
〈
F (k)F (−k′)〉〈F (−k)F (k′)〉 (A14)
+
〈
F (k)F (k′)
〉〈
F (−k)F (−k′)〉
− 2〈F (k)〉〈F (−k)〉〈F (k′)〉〈F (−k′)〉 .
Substitution of the previous results into this relation leads
to eq. (13).
A3 Quantum-Mechanical perspective
From a quantum mechanical point of view, the statistics of
the random field f stem from the statistics of a certain quan-
tum state ρ, that describes the state of f , qua a quantum
field. In this appendix we show how the constrained statis-
tics described above arise from a quantum-mechanical point
of view.
Let us construct Hilbert spaces on t = const hyper-
surfaces (equivalently η = const hyper-surfaces), and let
|ψ(t0)〉 be the wave-function of the Universe at t = t0, where
t0 is the time at which the observer O makes the measure-
ment. This decomposition is gauge dependent, but the ex-
istence of the observer at x0 is coordinate independent of
course. It is clear that not all initial conditions give rise to
an observer O situated at x0 = 0, so one can decompose
|ψ(t0)〉 into
|ψ(t0)〉 =
∫
d3x
[
a(x) |0x〉 |φ0(t0, x)〉
+ b(x) |1x〉 |φ1(t0, x)〉
]
, (A15)
where a(x) and b(x) are complex-valued functions; and |1x〉,
|0x〉 formally correspond to there being an observer at x0
at t0, or not. When O performs a measurement, one first
has to project |ψ(t0)〉 on the sub-space corresponding to
the existence of O at x0. That is, before O measures any
operator, an additional projection is made, of whether O
exists or not (cf. Tegmark 2012, §II.C.3). This amounts to
acting with |1x0〉 〈1x0 | and afterwards normalizing the result.
This is followed by tracing out degrees of freedom outside
the horizon (as they cause decoherence of the state inside
it); denoting this partial trace by Troh, one finds
ρ(t0, x0) ∝ Troh (|1x0〉 〈1x0 | |ψ(t0)〉 〈ψ(t0)| |1x0〉 〈1x0 |) ,
(A16)
where the density matrix ρ describes the probability to
have a certain outcome conditioned to the existence of O.
Its normalization is fixed by requiring that its trace be
Tr ρ(t0, x0) = 1.
For simplicity take f to be the galaxy over-density δg,
which is ultimately the observed quantity (it is related to
the dark matter fields via equation (26) as explained above
in Section 4.2). It is clear that its value at x0 affects the
possibility of the existence of an observer, and as it is lo-
cally measurable, it must be fixed prior to a cosmological
observation to fo (cf. Reischke et al. 2019). This implies a
further projection (and subsequent normalization) acting on
ρ(t0, x0), that projects on the sub-space that has f(x0) = fo;
let ρ(t0, x0, fo) be the result. If O now proceeds to measure
any Hermitian operator A corresponding to a cosmological
observable (inside the horizon), its expectation value (i.e. its
ensemble average) is given by 〈A〉 = Tr[Aρ(t0, x0, fo)]. This
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is not the same as an average over all initial field config-
urations – the latter would correspond to 〈ψ(t0)|A |ψ(t0)〉.
The former expectation value is precisely the one obtained
by using the constrained ensemble adopted in this paper.
A4 Local primordial non-Gaussianity
For simplicity, we consider the initial spatial curvature φi(x)
rather than the present epoch φ(x, η). In the presence of
a local primordial non-Gaussianity, φi(x) can be expressed
as (Salopek & Bond 1990; Gangui et al. 1994; Komatsu &
Spergel 2001)
φi(x) = φG(x) + fNL
(
φ2G(x)− 〈φ2G〉
)
, (A17)
where, as before, the expectation value is a constrained one.
The Gaussian piece φG(x) has a power-spectrum PG(k) ∝
kns−4 and a variance σ2G computed from all the modes
within the observable Universe. A constraint on φi(x),
φi(0) = φoi, straightforwardly translates into a constraint
on φG(x), viz., φG(0) = φoG. We calculate the resulting
non-Gaussian correction to the constrained power spectrum
〈φi(k)φi(k′)〉 using the path integral approach; after some
algebra, we arrive at
〈φi(k)φ∗i (k′)〉 = (2pi)3δD(k− k′)PG(k) (A18)
+
1
σ2G
(
φ2oG
σ2G
− 1
)
PG(k)PG(k
′)
+ f2NL(2pi)
3δD(k− k′)
(
P2(k) + P2(k
′)
)
+
4fNLφoG
σ2G
PG(k)PG(k
′)
− 2fNLφoG
σ4G
(
PG(k)P2(k) + PG(k
′)P2(k
′)
)
+
4f2NLφ
2
oG
σ2G
(
P3(k, k
′)
σ2G
− P2(k)P2(k
′)
σ4G
)
− 4f
2
NL
σ2G
P3(k, k
′) +
2f2NL
σ4G
P4(k, k
′) ,
where
P2(k) =
∫
q
PG(q)PG(|k− q|) (A19)
P3(k
′, k) =
∫
q
PG(q)PG(|k− q|)PG(|k′ − q|)
P4(k
′, k) =
∫
q1
∫
q2
PG(q1)PG(q2)PG(|k− q1|)PG(|k′ − q2|) .
The third term in the right-hand side of eq. (A18) is the
unconstrained, non-Gaussian contribution to the covariance
of φi(k), which is of order ∼ (fNLσG)2 relative to the first
term. The fourth term is the leading, constrained contribu-
tion arising from the local primordial non-Gaussianity. For
a typical fluctuation σoG ∼ σG, the amplitude of this correc-
tion relative to the constrained, Gaussian piece (the second
term) is of order ∼ fNLσG. For fNL ∼ 1 and σG . 10−4,
both contributions can be ignored and, thereby, all the re-
maining terms proportional to fNL and f
2
NL as well. A proper
calculation taking into account the transfer function would
not alter our conclusion.
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